codegen development note

March 31, 2025

1 Notations

1.1 Parenthesis

We use parenthesis to represent grouping of syntax trees. This is not restricted for expressions but for any
syntax trees. For example, we may use parenthesis as A(z:T). t for A\a:T. t. (2:T is not an expression.)

We don’t include parenthesis in syntax definition in BNF.

1.2 Repetition

1=Q1,...,0n

o We use overline to represent repetition: z; +y; < means Tq, + Yo, < ... < Zq,, + Ya, -

o It consists body part (z; + v;), range part (i = ay,...,a,), and operator part (<).
e We may write the range part, i =1...n,as 1 <i<n: z; +vy; Slgign means T1+y; < ... < Tp+Yn.

o If the operator part (<) is just a punctuation to separate each term, we consider the punctuation

can be added at first and/or last if appropriate for the context. Z;,"=!" represents “z1,...,z,"

“Tlyee s Tpy ST, e Ty, O ST, Ty,
Thus, (77, 1™ 7;,= ") can represent
(xh...,x:n,yh...,gu/n) when (0 < m) A (0 < n),
(1,...,2m) when (0 < m) A (n=0),
(y1,---,Yn) when (m =0)A (0 <n), and

() when m =n =0.

)

o We may omit the operator part when the operator is just a punctuation to separate each term. We

write x; + y; =L for 1+ Y1,y -, Tn + Yn if comma is appropriate separator for the context. (Also,
comma can be added at first and/or end as described above.)

o We may write the range part as only an index metavariable if the range is clear from the context:
i
Ti +Yi -

e We may omit the index metavariable in the range part and the body part: = —&-ylmn means
—i=1...n
Ti +Yi .

o We may omit the range part (¢ = 1...n) and index of metavariables (i of x; and y;) when the
metavariables are sequences of same length. We write z +y < for z; + 31 < ... <2, + ¥y, when z
and y are n-element sequences.

e We omit both the operator and range part if appropriate. We write x + y for 1 +y1,...,Zn + Yn
if z and y are n-element sequences and comma is appropriate separator for the context. We use
this form in most case.

e We use underline to distinguish metavariables which index is added by overline or not. We write
r+yforxs +y,...,00 +y.



o We use nested overline to represent multi-dimensional indexes.

match ¢t with C T = u end means
matchtwithCy T7 = uy | ... | Cy Ty, = uy, end and
matchtwith Cy 11 ... T1my = U1 | .. | Cn Tp1 - -« Tnm,, = Uy, end.

Nested overline and underline can be combined.

letx :=fix (f :=1) for f in means

letxy :=fix f:=tfor fiin ... letxp := fix f := ¢ for f, in and

letay :=fix(f1:=t1)...(fn:=tn) for frin ... letay = fix (f1:=11)...(fn :=tn) for f in.
Overlines and underlines must construct a nested structure. If an underline and an overline
covers same range, we consider the underline covers the overline. For example, we consider abc

as a(b)c = aibey . .. apbe,. We don’t consider it as a(b)e = a1 (b1)ecq - .. an(by)cy,. We cannot define

how to repeat (b) because it has no variable without underline.

This notation is based on [].

1.3 Number of Elements
We use |z| to represent the number of elements: |x| = n if = is an n-element sequence, 1, ..., T,.
1.4 Number of Arguments
e NA; is the number of arguments of t: NA; =mift: Ty — -+ — T,, = Tp and Ty is not a
function type.
e NPj is the number of the parameters of the inductive type I:
NP; = pif I is defined in an inductive definition Ind [p] (T'; :=T'¢).
o NI; is the number of the indexes of the inductive type I (the number of arguments without the
parameters for the inductive type):
NI; = [Cawe(r)| where T'appp) is the arity of the inductive type t. It means (1 : V(I'p; Tary)), S) is
defined in I'y of Ind [p] (T'y := T'¢) in the global environment where |T'p| = p and S is a sort.
o NM¢ is the number of the members of the constructor C' (the number of arguments without the
parameters for the inductive type):
NM¢ = |T'| where I is the non-parameter arguments of the constructor C'. It means (C : V(I'p;T),T)
is defined in ' of Ind [p] (T'; := ') in the global environment where |T'p| = p and T is an inductive
type.
1.5 Substitution

t{x/u} means a term in which variable x in term ¢ is replaced by term w. This notation is taken from the
Coq reference manual [2].
We use t{x/u} for parallel substituion.



2 Gallina

2.1 Gallina Syntax

t=ux v-variable
| f f-variable
| ¢ constant
| C constructor
| T type
| ATt abstraction
| tu application
| letx:=¢:Tinu let-in
| matchtwith C :T = u| end conditional
| fix f/k:T := twith for f; fixpoint

Note:

e wu,a,b represents a term as t.
v, w, Yy, z represent a v-variable as x.
g represent a f-variable as f.
U,V represents a type as 1.

o We distinguish v-variables (such as z) and f-variables (such as f) in the syntax. V-variables are variables
bounded by abstraction, let-in, and conditional. F-variables are variables bounded by fixpoint. They are
treated differently in C code generation: V-variables has corresponding C variables but F-variables has no
corresponding C variables.

o We write (--- ((tu1) uz) - un) as tui...u, or ta.
o We write Az1:T1. (... (Axn:Th. u)...) as z:T. u.
o We write let 1 :=t1:71 in (... (let &n := tn: Ty inu)...) as let x := t:T in u.

e k is an integer.
k; for fixpoint specify the decreasing argument for f;.

o If it is unambiguous, we omit type annotations for the sake of simplicity. We also omit k; in fixpoints if
they are not used.

o We omitted the elimination predicate (as-in-return clause of match-expression) in the syntax.
o We omitted the dummy parameters (underscores between C' and z:T') in conditionals.
e We consider inductive types and constructor types has no let-in in binders.

e We omitted the detail of the types. Actual Gallina permits any Gallina term which evaluates to a type.

2.2 Global Context and Local Context

E is a global environment which is a list of global assumptions (¢:T"), global definitions (¢ := ¢:T"), and
inductive definitions (Ind [p] (T'y :=T¢)).

T is a local context which is a list of local assumptions (z:T"), (f:T) and local definitions (x := ¢:T').
The local assumptions (z:T') represent v-variables bounded by outer abstractions and conditionals. The
local assumptions (f:T") represent f-variables bounded by outer fixpoints. The local definitions represent
variables bounded by outer let-in.



2.3 Gallina Conversion Rules

beta: E[['| F ((Az.t) u) > t{x/u}

(x:=t)el
lta-local: ————
delta-loca EIF 251
(c:=t)eFE
delta-global: ~———*——
CHBObAt T en ¢

zeta: E[I']F let x :=¢inu> u{x/t}
El-C;ab:T |a| =NPr
El Fmatch (C;ab)withC'T = tend > (\T;.¢;) b
up, =Ca |ul =kj
E[[)F (fix f/k:=tfor f;)uv t;{f/fix (f/k:=1)for f}T
El)Ft:Ve:T.U
ElFte A eT. (tx)

iota-match:

iota-fix:

eta expansion:

Note:
e The rules shown here are reductions, except the eta expansion.
e Variables cannot conflict because Coq uses de Bruijn’s indexes to represent variables.
o If it is unambiguous, we omit type annotations in these definitions for the sake of simplicity.

o Iota-match reduces match @Qcons nat 1 nilwith (nil = ¢1)|(consht = t2) end to (Ah. At.¢2) 1 nil because
list has one parameter (NPp.; = 1) and cons has two members (NMcons = 2).

2.4 Equality of Terms

e t = wu means that ¢ and u are same term except names of bound variables
e t='y means that ¢t and v are convertible
o t = u means that there is a proof term of ¢ = u (Cog.Init.Logic.eq)

e ¢~y means extensional equality: Vargs,t args = u args where t args is not a function

2.5 Free Variables
FV(t) is the free variables of ¢.

FV(x) = {z}

EV(f) ={s}
FV(c) =2

FV(C) = @

FV(\z:T. 1) = FV(t) — {z}
FV(tu) =FV(#) UFV(u)
FV(letz:=t:Tinu) =FV({)UFV(u) — {x}
FV(matchtwith Cz:T = wend) = FV(t) UJ,(FV(u;) — {7:})
FV(fix f/k:T :=tfor f;) = (U, FV(t:)) — {f}

Note:
o We ommitted FV(T') here because it needs details of types. It is defined as usual.



2.6 Syntactic Context

We use syntactic context K. K is a single-hole context: a Gallina term with a subterm is sustituted with
a hole, []. K[u] is K with the hole is substituted with w.
We call syntactic context just as context if it is not ambiguous.

K=
| \e:T. K
| Kt
| t K
| letz:=K:Tint
| letx:=t:Tin K

| match K withC 2:T = uend

| matchtwith (C)zp:T; = w;) (Ci 2Ty = K)(Cy a2 Ty = wy) end
1<i<i ——

| fix (fi/kiTh = 1) (fi/kiTy = K)(fi/kiTy :=t,) — for f;

2.7 Local Context of Syntactic Context
LC(K) is the local context of the hole of K.

LC([]) = empty
LC ()\mT K) = (&:T); LC(K)
LC(K t) = LC(K)
LC(t K) = LO(K)
LC(letx:=K : T int) = LC(K)
LC(letz:=t:Tin K) = (z:=t:T); LC(K)

LC(match K with C :T = uend) = LC(K)

LC(match twith (Cmidl = w) — (C T = K)(Cr o, = w) - end = (37T0); LO(K)

LC(fix (fifkidi =) (fi/kiiTy o= K)(fifkeTi = t) for f;) = (JiT); LO(K)

KV(K) is the bound variables usable in the hole of the context K.

KV(K) = {z | 3T.(:T) € LC(K)YU{ f | BT.(f:T) € LC(K))yU{z | (3t, T.(z := t:T) € LC(K))}

3 CodeGen
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Eta Reduction to Expose Fixpoint
— Argument Completion

Unreachable Fixfunc Deletion

— Monomorphism Check
— Borrow Check
C Variable Allocation

¢ C Code Generation

— C Code Generation

4 Gallina-to-Gallina Transformations

We define transformations as a judgement E[T'] - ¢ > w. This means a subterm ¢ is substituted to u where
FE and I' are the global environment and the local context of them.

We also use E[T'] Fx t > u to represent transformations restricted with a syntactical context K.

E[l) Fx t > u is similar to E[T'] F K[t] > K[u] but T is the local context of ¢ (not K[t]).

Also, we use E[] k¢ t > u which defines a tranformation of an entire term (not subterm). (The local
context is empty because an entire term has no local context.)

When we define a new constant in a transformation, We use E[T'] F ¢t > (E; (¢ := a:T))[T] F u.

4.1 Inlining

Codegen apply delta-global reductions to inline definitions.
Two command, CodeGen GlobalInline and CodeGen Locallnline, specifies what definitions will be
inlined.

CodeGen GlobalInline QUALID...
CodeGen Locallnline QUALID : QUALID...

CodeGen GlobalInline ci...c, specifies global constants c¢; ... ¢, will be expanded.
CodeGen Locallnline ¢y : ci...cn specifies global constants ¢ ... c, will be expanded in cg.

4.2 Strip Cast

Codegen removes cast expressions. For example, (1 : nat) + 2 is transformed to 1 + 2.
Note that we ignore casts in this document except this section. Even the Gallina syntax in Section
has no rule for casts.

4.3 Eta Expansion for Functions

We apply eta-expansion to functions of top-level functions, fix-bounded functions, and closure generating
lambdas. We consider explicit lambdas are closure generation. This makes beta-var applicable for partial
applications without worrying to expose computation. (CIC [2] uses lambdas for match-branches but our
syntax uses no lambdas for them. Thus match-branches doesn’t trigger the eta expansion.)

E[JFt:Va:T.U tis neither an abstraction nor fixpoint
E[l kgt Ae:T. (tz)

etaex-top:

E[l|Ft; :VYa:T.U t; is neither an abstraction nor fixpoint
1<I<i —————i<i<h

K=fix(fi:=t) ~ (fi=[{i:=1) for f;

taex-fix:
craex-ix E[] Fg t; > \oT. (t )

El'F¢:Ve:T.U tis neither an abstraction nor fixpoint

K = \y.
etaex-abs: al

El kg t> AeT. (tx)



This transformations makes a term in following syntax. The entire term is represented as tPL. (P for
functions and t¥ for non-function constants.)

DL _ 4D
| tB the type of t¥ is an inductive type
tP = Aa:T. tP-
| fix f/k:T :=tP for f;
/E

O & = B

|

|

|

| T

| t2¢E
| letz:=t":TintP
|

|

match t® with C T = ¢F end
tD

The type of t¥ in tP¥ is an inductive type because the eta expansions (etaex-fix and etaex-abs)
transform the body of abstraction and fixpoint until its type is not function type.

4.4 V-Normalization
4.4.1 V-Reductions

ElFw:U tisnotan application w is not a v-variable 1y is a fresh v-variable

ta- :
zeta-arg E[I‘]thuablety:ZUZUintf?/a

ETlFu:U wisnota v-variable y is a fresh v-variable
El'FmatchuwithC'T = tend>lety:=wu:U inmatchywithC'Z = ¢ end

zeta-item:

4.4.2 V-Normal Form
V-normal form restricts Gallina terms that (1) application arguments and (2) match items to variables.
t=x | flc|C|T| X:T.t| letx:=t:Tinu
| fix f/k:T =t for f;
| ta «~ (1)

| matchzwithC' T = ¢ end +~(2)

Since we apply V-reductions for a eta-expanded term, the result term can be represented in following
syntax.



/DL _ 4D
| tB the type of t¥ is an inductive type
tP = Aa:T. PV

| fix f/k:T :=tP for f;
/E

N Qoo os

Py +~ (1)
let z:=t%: TintPF

matchz with C'ZT = tF end +— (2)
/D

4.5 S-Normalization

4.5.1 S-Reductions

beta-var: B[l (Az. t) y > t{z/y}

(r:=y) el
delta- R L £ S
elta-vvar TS
deltaf (x:=f) el x occur at non-argument position
elta-fvar:

ElkFa> f

0<|z|] O<lyl (z:=tx) el
t is one of v-variable, f-variable, constant, constructor, abstraction, or fixpoint

delta-fun:
cftatunt ElFzy>tzTy

zeta-flat: E[T']F lety := (let x :=t; inty) intg > let x :=t1 in (let y :=t3 intp)
zeta~app: E[I|F (lety:=tinu)T>lety:=tin (uT)

(v Z:ngflT)EF |y|:NPT

iota-match-var: A
El'FmatchvwithCZ = tend > (M. t;) Z

(vg; :=C7y) €' Z are fresh v-variables
ETF (fix f/k:=tfor f;)T:T T is an inductive type
E[[F (fix f/k:=tfor f;) T let z := fix (f/k :=t) for fint;{f/2} T

iota-fix-var:

(v, :=Cy) el (z:=fix (f/k:=t)for f) el
E F (fix f/k:=tfor f;)T:T T is an inductive type
El ¢ (fix f/k:=tfor fj)T>t;{f/z}T
Ellk2z:T
ElFmatchzasa’ inIyreturnT — Py a'withC'T = tend 2

iota-fix-var’:

match-app:

pmatchzasa’ in I yreturn Py 2'withC'T = ¢ z end



Note:
e match-app is not convertible

e delta-fvar does not forbid at a match item position but it does not break V-normalization. It is because
f-variable, which is always function type, cannot occur at match item, which must be inductive type.

4.5.2 S-Normal Form

S-reductions transform applications to restrict function positions.
e beta-var removes an abstraction at the function position of an application.
e zeta-app removes a let-in at the function position of an application.
e match-app removes a conditional at the function position of an application.

Also, types cannot be a function. We treat multi-arguments application as single application, application
is not occur at a function position. Thus, function position can be v-variable, f-variable, constant,
construcor, or fixpoint in the S-normal form.

Also, zeta-flat removes a let-in at the binder term of a let-in.

/DL _ 4D
| - the type of t" is an inductive type
tP = \a:T. Pt

| fix f/k:T :=tD for f;
th=letz:=tM:T intM
tM = match z with C T = t& end
| t®
=z | flec|C|T

| "7 0 < |z|

| P

t'=a | f|c| C| fix f/kT :=1tP for f;

4.6 Type Normalization

We normalize type annotations in the term.

This transformation makes that types contain no variable bounded by let-ins because such variables
are redex of delta reduction. Thus, this transformation makes Unused let-in Deletion (Section [4.8) more
effective.



/DL _ 4D
| - the type of t* is an inductive type
— )\x:. tPL —
| fixf/k: = 1tP for f; +—
thletm::tM:intM —
tM = match z with C T = ¢ end
| t®
tf=x | flc|C|T

| "7 0 < |z|
| P
tF=x|f|c\C\fixf/k:::thorfj —

We also normalize types in match-expressions to make less free variables. Gallina internal representation
of match-expressions contains parameters for the inductive type, return clause, and SProp inversion data.

4.7 Static Argument Normalization

We normalize static arguments. We assume the normalized static arguments have no free variables.
It makes the syntax as follows.

/DL _ 4D
| - the type of t¥ is an inductive type
tP = \e:T. tPF

| tix FIRT =1 tor f,
th=1etz =M :TintM
=matchzwithC T = tL end

| 8

tf=x | flc|C|T

| F 0 < ||
| tCtA 0 < |t4|
| ¢°

t"'=a | f| fix f/k:T := P for f;
t°=c | C

=z | u u is a static argument (normal Gallina term without FV)

The application in previous section, t¥ 7, is changed to t€ ¢ for constant and constructor applications.
(This is not V-normal form because t* can be non-variable.)
Static arguments are defined as follows by default.

o non-monomorphic arguments for constant functions. (The non-monomorphic argument means an
argument which type is a sort or a polymorphic function type.)

e parameters for constructors.
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The static arguments can be customized with CodeGen StaticArgs command.
This transformation makes that static arguments contain no variable bounded by let-ins because

such variables are redex of delta reduction. Thus, this transformation makes Unused let-in Deletion
(Section [4.8) more effective.

4.8 Unused let-in Deletion

x does not occur in vz is not linear FV(¢) does not contain linear variable

ta-del:
zeta-de E[F]}—letx::tinuDU

4.9 Call Site Replacement

t is a constant or constructor
@)q| is not a v-variable
a = merge, (T, T)
y are fresh v-variables |x| = |y|
b = merge, (u, )
c is a fresh constant
ElFrtazo> (B;(c:=Xg.tb)[[|Fcxz

replace:

K is a non-application context to restrict ¢ @ Z is not at a function position of an application.
(K =8,Az.]]), (t[]), (Letx:=[]inu), (let z:=tin[]), or ..but NOT ([] u).)

merge, (U, T) represents a sequence of terms which two sequences of terms are merged according
to the static arguments definition of ¢t. The first argument u specifies static arguments. The second
argument T specifies dynamic arguments. For example, assuming the 1st and 4th arguments are static for
t, merge, ((u1,us), (1, 2, x3)) = (u1, 21, T2, U2, T3).

This transformation removes non-variable arguments from applications. Thus the result will be
V-normal form again.

/DL _ 4D
| - the type of t" is an inductive type
tP = \a:T. tPV

| fix f/k:T :=tD for f;
tr =letz:=tM: T intM
tM = match z with C T = L end
| t®
th=xz | flec|C|T

| F 7 0< ||

| P

t"=x | f|c| C| fix f/kT :=1D for f;
4.10 Eta Reduction to Expose Fixpoint

E[l]Ft:V¥o:T.U 7 does not occur in ¢t is a fixpoint
EllFXzT. .tz t

etared-fix:

Note:

o We require the types of arguments of ¢ as T to prevent this transfomation changes the type.

11



e The premise “t is a fixpoint” guarantees the result is not partial application.

This transformation is intended to remove eta-redexes introduced by static arguments and eta
expansion (Section |4.3). For example, assume the standard list concatenation function, app : VA, list A —
list A — list A, is monomorphized to bool.

app bool
Dinline (AA. (fix...)) bool
Deta-expansion AL. A (AA. (fix...))boollm
>Vonormalization AL. Am. let T :=bool in (AA. (fix...))T1lm
DS normalization AL. Al let T :=bool in (fix...)1lm
DType-nomalization AL. Am. let T :=bool in (fix...)1m (expand T in the fix-term)
Dyotardel AL Am. (fix...)1m

Petared-fix (fiX e )

The code generator (Section generates multiple C functions (Section|5.10|) from the pre-eta-reduction
term, AL. Am. (fix...) 1 m. This eta-reduction avoid this. The code generator generates single C function
(Section [5.11)) from post-eta-reduction term, (fix...).

4.11 Argument Completion

Argument completion removes partial applications by applying eta expansions.

t is not an application
0 < |z|
Ef|Ftz:VyT,U
U is an inductive type
MCOMP AP o e AT T

t is a f-variable, constant, or constructor
E[l) -t :Vy:T,U
U is an inductive type
El bt yT. ty

argcomp-fvar-cnst-cstr:

K is a non-application context as in Section
This transformation makes the result of an application inductive type. Also, constants and constructors
are always fully applied to arguments. F-variables cannot occur in t® because they cannot be a inductive

type.
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/DL _ 4D
| - the type of t* is an inductive type
tP = AT tPE
| fix f/k:T :=tP for f;

P =1etg :=tM:TintM

tM = match z with C T = tL end
| t*

tf=ax | T
| c| C The type of ¢ and C are inductive type
| tF' 7 0 < |z|, the type of t Z is inductive type
| 0

t'=a | f|c| C| fix f/kT :=1tP for f;

4.12 Unreachable Fixfunc Deletion

Codegen deletes unreachable fix-bounded functions.

4.13 Monomorphism Check

We check the transformed term is a monomorphic term.

Although our transformations removes many rank-1 polymorphism, it still possible to retain polymor-
phic term. For example, our transformations don’t remove polymorphic recursion unless the recursion is
completely unrolled.

This step checks (1) all type annotations are inductive or function types without free variables, and
(2) types and sorts doesn’t occur at expression.

/DL _ 4D
| - the type of t" is an inductive type
tP = AT tP

| fix f/k:T :=tP for f;

th=1etz :=tM:TintM

tM = natchz with C' T = L end
| "
tt =g < T is removed
c e type of ¢ an are inductive type
C The t f dC inductive t
T < |x|, the type o T 18 Inductive type
t¥ 0 the t f t¥ 7 is inductive t,
| P

t'=a | f|c| C| fix f/kT :=1tP for f;

4.14 Borrow Check

We define two judgements E[['| -t :T | B and E[['] -t : T | (L, B**, B*%) for borrow check. We
extend I in this section. I' is an annotated local context. It is a list of (z2:T), (f:T) and (2 := ¢:T).
They are same as local assumption and local definitions except that the v-variable x is annotated with a
borrow information B. (The f-variable f is not-annotated.) B is a set of pair of borrow type and linear
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variable, such as {(T,z)}. B"°? and B™"!* are also borrow information. L is a set of linear variables. T
is the type of t.

We write Br z to refer the borrow information for z in I'. Br x = B if T' contains (#Z:T) or (2P := :T).

We omit : T" in a rule which does not use 7.

The borrow information B = {(T,x)} represents a linear variable z; is used via borrow type T;.
(x{(T/’y)}:T) € I’ represents x may contain a value of type T” which is a (part of) content of the linear
variable y.

E[I'lFt | B means a function ¢ may use linear variables via borrow B.

E[L] -t | (L, Bu*d, Br*sult) means an expression ¢ (1) consumes linear variables L, (2) may use linear
values via borrow B4 (3) result value may contain linear values via borrow Bresult,

For example, assume linear list 1seq, borrow list bseq which has constructors bnil and bcons, borrow
function borrow : lseq nat — bseq nat. In a code fragment
let y := borrow x in match y with bnil = true | bcons h t = false end contains variablesx : 1lseq nat,
y : bseq nat, h : nat, and t : bseq nat. y and t contain a bseq nat value borrowed from x. It is
represented as yi(®sed 2260} . hseq nat and ti(Psed nat)} : pseq nat. h is annotated as h? which means
h does not contain borrowed values. The type of h is nat. Since nat is not a borrow type, h lives even
after x is consumed.
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(xB:T) € Tz is linear
E[lF 2z | ({z}, B,B)

borrow-lvar:

(xB:T) € Tz is not linear
ElF x| (2,B,B)

borrow-vvar:

borrow-fvar: E[T'| F f | (9,2, 9)

¢ is not a borrow function
ElkFc|(2,2,9)

borrow-constant:

borrow-constructor: E[l'| - C | (&, 2, @)

E[F} - t | (Ll,B?SEd,B{eSUIt)
BT (257 = 1) F ta | (Lo, By, By>™)
LiNL,=o
x is linear — x € Lo
LiNByd =g
ElFletw:=t;:Tinty | (L1 ULy — {x}, By U Byed — {z}, Bysult — {z})

borrow-letin:

E[F] - y ‘ (Litema B_used B_result)

item» ~item

Byj = BISYW 0 components g (T;5)

IV = (xB:T)
E[E, FI] -t | (Lbranch7 Bused, Bresult)

Lbranch N7y = {2 | 2z € {T} A z is linear}
Lbranch’ — Lbranch _ {f} VZ,V‘], (Ll_aranch’ — L?ranch’) Litcm N L!i)ranch’ —

sed _ sed — sult _ sult — sed _
. Bll)lrb:mches — Ui(B?be B {‘rl}) Blﬂi:rllches — Uz (B'fehu B {ml}) Litem N Bll)lssnches =9
borrow-match: — — S S 1
ElFmatchywithCz:T = tend | (Litem U LY, BiSed U Bpsed | Breswt )

(yB:T"yeT APP(E,T,B,Z,T, L, B*¢, Bresult)
E[F] [ y? - T | (L’ Bused7 Bresult)

borrow-vvar-app:

(f:Tl) E F APP(E7 F’ ®7j’ T’ L7 BUSEd7 Bresult)
E[]_"] = ff - T ‘ (L7 Bused’ Bresult)

borrow-fvar-app:

¢ is not a borrow function APP(E,T',@,%, T, L, B*°4, Bresult)
E[l]FcT:T | (L, Bused Bresult)

borrow-constant-app:

APP(E,T,@,7,T, L, Bued, gresult)

borrow-constructor-app: BT - C:T | (L, Bued, Breout)

ElFfix f:=tfor f; | B APP(E,T,B,TZ, T, L, Bsed, gresult)
El ¢ (fix f:=tfor f;)T: T | (L, Bused, Bresult)

borrow-fix-app:

¢ is a borrow function
E[[]F c: T%& — Tresut 738 g o Jinear type 17" is a borrow type

T Joes not contain function

{T'} is the set of borrow types contained in 77!t

B={(T,2)}

borrow-borrow:
orrow-borrow ElFcz| (2,B,B)
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ElFfix f:=tfor f; | B
El'F fix f:=tfor f; | (&, B, B)
B[l F \a.t | B
E[l'F Xz.t| (2,B,B)

borrow-fix-clo:

borrow-abs-clo:

t is not an abstraction
t is not a fixpoint
BI @P)] ¢ | (L B, Bt
{z|z € {T} A z is linear} = L
B = (B" — {z})
E[l)FAx:T.t| B

borrow-abs-fun:

t is a fixpoint

E[l;(z2:T)] -t | B
Vz € {Z}, zis not linear

ET|F aT.t| B

borrow-abs-fix:

EL; (f:T)Ft|B
ETF fix fT:=tfor f; | U,B:

borrow-fix-fun:

APP(E,T, B 7, T, [, Bved, gresult)
~1<al

AV, VG, (1 # j — —(z; = x; A x; is linear))
ANL ={z|z € {T} A zis linear}

A BUed = pfane | J (B a,)

A BTt — pgused A components g (T)
AB™NL =g

We use a function componentsg(T) to obtain the component types of a type T under the global
environment E. It returns a set of types or T. T is a set which contains all types. componentsg(T) is
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defined as the minimum set which satisfy following equations.

componentsg (I t) = {1t} UU ,.1)er, components (T
where E[|F1t:S
S is a sort
Ind[p] T;:=T¢) € E
p the is number of recursively uniform parameters of Ind [p] (I'; :=T'¢)
el
t|=p
(C:VI'p,VI'g,Iu) € I'c
(T{Tp /i) = T
Ty =T 4{Tp/t}
components;(VI,U) =T
componentsg(S) =T
where S is a sort

We extend substitution for local contexts here. t{I'/@} represents the term ¢ which variables in I" are
substituted with terms @w. I'"{T'/u} represents the local context I which variables in T' are substituted
with terms w. If " contains a local definition, its variable is substituted with the corresponding definition.
(e is the empty local context. € is the empty list of terms.)

t{e/e} =t
H{((@:T);1)/(au)} = t{x/ap{T{x/a}/u}
H((z = a:T); 1) /u} = {x/ap{l{x/a}/u}
e{l'/u} =¢
((@:T); DT fu} = (2:T{T /u}); T'{T fu}y
(2 1= aT); )T/} = (2 = o{T/@hT{T /) T {T /)

We mix borrow information and set of variables in set-operations. Assume L = {z1,...,z,} and
B = {(T1’y1)7 sty (vaywl)}

BNL=LNB={(T;,y;) e B|1<i<m, y; € L}
B—L:{(Tz7yz)€B|1§z§m, y1¢L}
We also mix borrow information and set of types (including T) in set-operations.
BNnD=DnB={(T;,,y;) €B|1<i<m,T; € D} D ={Uy,...,U,}
BNT=TNB=B

Note:

o We don’t annotate f-variables. This is not correct because invoking fi ... fn, may refer borrowed values via
free variables in fix f:T :=t for f;. However, it is harmless because corresponding linear value cannot be
consumed in the fix-term.

4.15 C Variable Allocation

We rename variables to be unique and approproate for C.

Since Gallina variables are represented by de Bruijn’s indexes, we only need to change variable names
in binders: (1) variable of abstraction, (2) functions of fixpoint, (3) variable of let-in, and (4) variables of
constructor members of conditional.
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/DL _ 4D
| ¢
tP = Nz }T. tP"
| fix/k:T = 1tP for f;
th = let intM
tM = match z with C = tL end
| t°
==z
| c| C

| tF'z
| P

tE

=z | flec]|C| fix/k:T::thorfj

5 C Code Generation

the type of t" is an inductive type

« (1)
< (2)
«(3)
«(4)

The type of ¢ and C' are inductive type
0 < |z|, the type of t 7 is inductive type

< (2

5.1 The Gallina Subset for C Code Generation

/DL _ 4D
|
tP = \g:T. tPT

| fix f/k:T :=tD for f;

tr =letz:=tM: T intM

tM = matchz with C T = t& end
| t®

tf =z

[e] C

| 7

| 7

the type of t* is an inductive type

The type of ¢ and C' are inductive type

0 < |z|, the type of t Z is inductive type

t'=x | f|c| C| fix f/kT :=1tP for f;

5.2 Detection of Higher Order Fixfuncs
We call the set of f-variables of higher order fixfuncs HigherOrderFixfunc.

5.3 Detection of Inlinable Fixpoints

We detect inlinable fixpoints. “Inlinable fixpoint” means a fixpoint, fix f := tfor f;, which all applications
of f are located at the tail positions of f. In this case, the continuation of the applications to f in
let z:= (fix f:=tfor f;) Tinu are always let « := O in u. Thus, we can translate the tail positions
of f to (1) assignments to the arguments of f; and goto f; for application of f; and (2) assignment to z
and goto u otherwise. This translation is equivalent to inlining a tail-recursive function, which means

generating a loop at a non-tail position.

TRrun[t] is the second component of IFIXpyn[t]. It is a set of fixfuncs which are translatable without

actual functions.
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IFIXpyun[t] and IFIXgxp[t] are defined mutually recursive. IFIXpyn[t] is four-tuple. IFIXgxp[t] is
three-tuple. We introduce 7 functions to refer the components of them.
IFIXrux[t] = (INL[¢], TRrun[t], HEADpux|[t], TAILrux[¢])
IFTXgxp[t] = (TRexp[t], HEADgxp[¢], TALgxp[t])

The components means as follows.

INLt] : ¢ is inlinable or not (T or F)
TRrun[t], TRExp[t] : set of tail-recursive fixfuncs in ¢
HEADpyn[t], HEADpun[t] : free f-variables at head positions of ¢
TAILpyun[t], TAILpun[t] : free f-variables at tail positions of ¢

IFIXpyun|[t] traverses abstractions and fixpoints (tP and #PL)
(4, M tE and tV).

“tail position” is extended to the function position of the application at a tail position.
TRpyn distinguishes fixpoint bounded functions translatable without actual functions (but with goto) or

not.

. IFIXgxp[t] traverses other constructs

IFIXpyun[Az. t] = (INL[t], TRrun[t], HEADrun[t], TAILrun[t])

(T, B (U; HEADpux[t:] N {f} = @) A
U; TRrun[t:] U {f}, (HigherOrderFixfunc Nn{ft= @) A
U, HEADrun[t:] — {f}, Vi, INL[#]
IFIXpyn[fix f:=t for f;] = (gi TAILpun[ti] — {7}) _—
U; TReun(t], _
US.(HEADFUN [t:] U TAILrun(t:]) — {f},
[%)

if t is not abstraction nor fixpoint

I[FiXgxp[z 7] = (9,9, 9)
IFIXexp[f 9] = (2,2, {f})
IFIXgxp[cy] = (@, 2, 2)
IFIXpxp[C Y] = (2,9, D)
IFIXgxp[let  :=t inu] = (TRexp[t] U TRexp[u],

HEADpxp[t] U TAILgxp ] U HEADgxp [u],
TAILgxp[u])
[FIXgxp[matchy with C T = t end] = (U TRexe[t:], U, HEADgxe [t:], U; TAILgxp [t ]])
IFIXgxp[t] = (T RFUN [t], HEADgxp[t] U TAILgxp[t], @)
if (t=MAz.u)V (t=fix f = ufor f;)
IFIXgxp[t Y] = (TRFUN [t], HEADgxp[t], TAILgxp[t])
if (t =fix f:=ufor f;) A(ly| > 0)
Note:

e The variables in ¢ are unique. Codegen uses de Bruijn’s indexes for HEAD and TAIL; the variables renamed
by Section for TR.

e yof matchywith C' T = tend is not counted because y is not a function and does not affect the final TR.

o INL guarantees that consecutive fixpoints and abstractions (t°, traversed by IFIXpr) synthesizes non-
inlinableness: an outer fixpoint is not inlinable if an inner fixpoint is not-inlinable. This property holds in
most case without INL but an curious fixpoint (such as non-recursive fixpoint) can break this property.
Thus we added INL.
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5.4 Head Position and Tail Position
DL _ ,D
tp - tp
L
|ty
D _ y,.p 4DL
t, = Ax:T. ty
| fix f/k:T :=tD for f;
tZI; =letx := t%I/IEAD T inti\)/[
t;\)/l =matchzwithC T = tI]; end
E
| 1y

t;]:x
| c| C
|ty T
| tPamL
tgza: | flce]C
| fixmfor fi fi € TR
| fifoor fi fi ¢ TR
Note:

e TR = TRpun|[t] where the translating function is defined as Definition c¢:=1t.

5.5 Top-Level Functions Detection

If a fixpoint needs recursive call in C, we need a real C function for it. Codegen detects such fixpoints by
simulating Ax and B in Section [5.7]and Section [5.8] to collect application of fixpoint-bounded functions.

5.6 Fix-lifting

We use lambda-lifting-like technique to translate fixpoint expressions without closures.
Consider following (artificial) example.

Definition ¢ x y :=

fix £ n :=

match n with

| 0 = x

| Sn' =
(fix g m :=
match m with
| 0 =y +fn
| Sm' = S (gm')
end) n

end.

(* invocation of f needs x *)

(* invocation of g needs y and f *)

Codegen translate a Gallina application to C function call (if goto is not usable). In this scenario,
Codegen generates C functions corresponding to internal functions £ and g. The application in Gallina,
g m', is translated to g(m') in C. But it does not work because g needs y but the global C function g does
not know y. Also, g needs £. Although there is the C function £, f needs x. Thus, Codegen need to add

extra arguments as g(x, y, m') which is similar to lambda-lifting. We call this translation, adding extra
arguments for functions bounded by fixpoints, fix-lifting.

We define FIXFUNCS, FIXFV, EXARGS’, and EXARGS for each definition Definition ¢ := u.

EXARGS(f) is the extra arguments for the fix-bounded function f in the definition.
FIXFUNCS is the set of f-variables in u.
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FIXFUNCS = U {7
K[fix@for fj]:u

FIXK(f) is the context of the fixpoint which bounds f-variable f.

1<l<i i<i<h

FIXK(f) = K where u = K[fix (g, := t;) (f:=t)(g:=1))

FIXFV(f) is the set of free variables of the fixpoint which bounds f-variable f. FIXFV(z) is also
defined as empty set for v-variable x.

for g;]

FIXFV(f) =FV(¢t) where u = FIXK(x)t]
FIXFV(z) = @

EXARGS'(f) is a set which satisfy the following conditions. EXARGS'(f) is similar to FIXFV(f).
But if it contains a function bounded by an outer fixpoint, the free variable of the outer fixpoint are also
contained.

EXARGS'(f) DFIXFV(f)u ) EXARGS'(¢)
teFIXFV(f)

EXARGS'(f) € KV(FIXK(f))
EXARGS'(z) = @

Codegen chooses the minimal set for EXARGS'(f) if a dedicated internal C function is generated
for f. But if f is callable via c like follows, Codegen generate a call to ¢ for f to avoid generating the
dedicated C function for £. This means f y' is translated to c(x, y'). In this case, the arguments of the
external C function for ¢ must corresponds to the type of ¢. Thus Codegen chooses the maximal set (all
bound variables) for EXARGS'(f). (This means that x is passed even if £ does not use x.)

Definition c:= Ax.fixf:=Ay. ...fy'...forf

EXARGS(f) is defined as follows. It is EXARGS'(f) except fix-bounded functions.

EXARGS(f) = EXARGS'(f) — FIXFUNCS

When EXARGS(f) is used in a context which the order matters, we consider it is a list of variables
from declared ouside to inside. (used in Section
When EXARGS(f) is used in a context which require types, we consider it is a set of pairs of variable

and its type. (used in Section [5.10))
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5.7

Translation to C for a Non-Tail Position

A [t] generates C code for ¢ in a non-tail position. The result expression is passed to K.

K(e)

Note:

= “v = e;” in simple situations.
Ak[z] = K(*2”)
Ak[f 7] = “passign(fvars'[ f], Z) (x| >0)A fe TR
goto entry_f;”
Alfz]l = K¢ f@,m)") (|lz| > 0)A f ¢ TR where y=EXARGS(f)
Aklez] = K(“c(@)7) || >0
Ag[Cz] = K(*C(@)") |z| >0
Agflet x :=t; inty] = “Ag/[t1] Ak[ta]” where K'(e)=“z=¢;"
Ag[match z with Cy = t end] where z:T

“switch (swfuncy () {

caselabelc,: ;= getimembercij(a?) )

linear_dealloc(x);

Ax[t:]
break;
}”
Ag[(fix f:=tfor f;)T] = f; € TR
“passign(fvars[t;], ) where
GENBODY %! [fix f :=t for f;] K(e) K (e) contains goto
exit_f;:” K'(e) = “K(e) otherwise
goto exit_f;;”
Ag[(fix f:=tfor f;)T] = fi¢ TR |z|>0
“K(fi(y,D) where
goto skip_fj; 7 = EXARGS(f;)
GENBODY*N[fix f =1 for f;]
skip_f;:”

“...” means a string. A string can contain characters in typewriter font and expressions starting in italic
or roman font. The former is preserved as-is. The latter embeds the value of the expression (with name
translation from Gallina to C).

Gallina types, constants, and constructors have corresponding (user-configurable) C names and they are
implicitly translated. Gallina variables are translated by the mapping defined in Section [£.15]

TR = TRrun([t] where the translating function is defined as Definition c:=1t.

swfuncy, caselabelc;, and get_memberg ; are defined by a user to translate match-expressions for the
inductive type T

linear_dealloc(x) is the deallocation function for the linear type T'. It is empty for unrestricted types.

passign (g, T) is a parallel assignment. It is translated to a sequence of assignments to assign x1 ...z, into
Y1 ...Yn. It may require temporary variables.

We do not define Ax[Az. t] because we do not support closures yet.

Actual Codegen generates GENBODY*N[] in a different position to avoid the label skip_f; and gotoskip_f; ;.
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5.8 Translation to C for a Tail Position

Bk [t] generates C code for t in a tail position. The result expression is passed to K.
K(e) = “returne;” in simple situations.

Bx[2] = K (“27)

Bx|[f Z] = “passign(fvars'[f], Z) lz| > 0
goto entry_f;”
Bic[e7] = K(“c(@”) 2] >0
Bi[CF] = K(*C @) 2 > 0
Bi[let z:=ty ints] = “Ax[t1] Brl[t2]” where K'(e) =“z=e;”
Bx[matchz with Cy = t end] = where z:T

“switch (swfuncy () {

caselabelc,: i = getfmembercij(x) ;J

linear_deallocp(x);
Bx[t:]

}7’
By [(fix f =1 for f;) 7] = [ >0
“passign (fvars[t;], 7)
GENBODYZ2 [fix f:=t for f;]”

Note:

o We do not define Bx[Az. t] because a tail position cannot be a function after the argument completion.

5.9 Auxiliary Functions for Translation to C

“x; fvarsfu]” t=MAz.u
fvars[t] = < fvars[t;] t=fix f:=tfor f;

w”

otherwise

fvars'[f;] = fvars[t;] for functions bounded by fix f :=t for f;

GENBODY;[1] (=
GENBODYAT[f] — | “extry-fi GENBODYRI[1]” t = tix fi=Lfor f;
fori=j,1,....,(j —1),(G+1),...,|f]
Akl[t] otherwise
GENBODY*N[y] P -
“entry f;: GENBODYAN [t:]” t=fix f:=tfor f;
fori=1,...,|f|
GENBODY "™ [t] = § Bk[t] otherwise
where
t: T
K(e) = “x(T*)ret = ¢; return;”
GENBODY% [] = \ru
13 B 9 . —_
it '3 =f =tf .
GENBODYE[1] — { entwy-fi GENBODY [t t = fix f =t for f,
fori=41,....,—-1),G+1),...,|fl
B[] otherwise
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Note:

« fvars and fvars’ returns a list of variables: x1;...;xn;. For simplicity, we omit “;” if not ambiguous.

o “g(i)” for i = j1,...,Jn means “g(j1) ... g(jn)".

5.10 Translation for a Top-Level Function which is Translated to Multiple C
Functions

GENFUNM[(] translates the function (constant) ¢ with one or more auxiliary functions. We assume c is
defined as Definition ¢ :=t. The auxiliary functions fj ... f, are fixpoint bounded functions in ¢ which
are invoked as functions. We assume the types of them:

CZTOl—)"'—>T0mO—)T00
fiznl_>"'_>Timi_>TiO 1=1...n

where Tjo are inductive types (i =0...n)

The formal arguments of ¢ are ;... Zom, = fvars[t] and the formal arguments of f; are x;1 ... Zim, =
fvars'[ f:].

fi invocation in C needs extra arguments, EXARGS(f;) = yi1:Ui1 - . - ya,:Us,, addition to the actual
arguments in Gallina application because the free variables of the fixpoint should also be passed. If the
free variables contain a function bounded by an outer fixpoint, the function itself is not passed but the
free variables of the outer fixpoint are also passed. We iterate it until no fixpoint functions.

GENFUNM[¢] = “enum_entries[c] arg_structdefs[c] forward_decl[c] entry_functions[c] body_function[c]”

. ——i=1l..n
enum_entries[c] = “enum enum_func_c {func_c,func_f; 7

n”

i=1...
arg_structdefs[c] = “main_structdef[c] aux_structdef[c];

. —_—j=1...
main_structdef[c] = “struct arg_c { T, argj ) "0y

T Ty p—— R
aux_structdef[c]; = “struct arg_f; { U;; exargj ) T;; argj ) Ty
forward_decl[[c] = “static void body_function_c(enum enum func_c g,void *arg,void *ret);”
i=1...n
entry_functions[c] = “main_function[c] aux_function[c]; K
. . ) —_— =1
main_function[c] = “static Ty c¢(To; xo, ) "0y {

struct arg carg={To; ," "™}; Too ret;

body_function_c(func_c,&arg,&ret) ;returnret;

}77

) , — =1l ————j=1...m;
aux_function[c]; = “static Ty f; (Ui; yij » " Ty x4 ¢

2
=1...l;

) {

j=1...m; . .
Tij Lj }’ 1_'1;0 ret;

struct arg_f; arg = {¥;; Lj
body_function c(func_f;,&arg,&ret) ; returnret;

}77

body_function[c] = “static void body_function_c(enum enum func_c g,void *arg,void *ret) {

decls

———i=1l..n
switch (g) { aux_case[c]; main_case[c] }
GENBODY 2 [¢]
}77
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aux_case[c]; = “case func_f;:

yi; = ((struct arg_f; *)arg) ->exargj ;j=1”'li

1...mi

x;; = ((struct arg f; *)arg) ->argj ;j:
goto entry_f;;”

main_casefc] = “default:;

=1...mo,,

xg; = ((struct arg_c *)arg) ->argj ;j

where decls is local variable declarations for variables used in GENBODY % [].

K(e) = “x(Tpo*)ret = e;return;”
5.11 Translation for a Top-Level Function which is Translated to a Single C
Function
GENFUN®[¢] translates the function (constant) ¢ to a single C function.

GENFUN®[¢] = “static Ty c(fargs'[t]) { decls GENBODY % [t] }”

where ¢ is defined as Definitionc¢: 1y — - = T, — Ty :=t.
Ty is an inductive type

decls is local variable declarations for variables used in GENBODY%[t] excluding fargs[t].

K(e) = “returne;”
“Tx, fargsu]” t= X z:T.u
fargs[t] = ¢ fargs[t;] t=1fix f:=tfor f;

w”

otherwise

fargs'[t] = fargs[t] without the trailing comma

5.12 Translation for Top-Level Function

GENFUNM[¢] ¢ needs multiple functions

GENFUN[c] =
le] {GENFUNS[[cﬂ otherwise

where ¢ is defined as Definition ¢ :=¢.

6 Verification of Gallina-to-Gallina Transformations

Codegen verifies each step of the Gallina-to-Gallina transformations.

Most transformations in Codegen are convertible. Codegen checks convertibility of such transforma-
tions.

There are two non-convertible transformations:

e match-app in S-Reductions

¢ Unreachable Fixfunc Deletion

The verification for them is implemented in theories/verify.v.

The match-app transformation moves arguments for function-returning match expression into branches
of the match expression as follows. It transforms ((if b then t else u) n) to (if b then t n else u n).
The source definition £ is transformed and the result is defined as codegen_s0_f. The equality proof
between them is defined as codegen_s0_f_proof.
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From codegen Require Import codegen.

Definition f (b : bool) (n : nat) :=
(if b then S else Nat.add n) n.
CodeGen Gen f.

Print codegen_sO_f.

(x

codegen_sO_f = fun (vl_b : bool) (v2_n : nat) = if vl1_b then S v2_n else v2_n + v2_n
: bool — nat — nat

*)

About codegen_sO_f_proof.
(* codegen_sO_f_proof : V (b : bool) (n : nat), £ b n = codegen_sO_f b n *)

The “Unreachable Fixfunc Deletion” drops unreachable functions in mutually-recursive fixpoints
as follows. The source definition £1 is defined as fixpoint which contains three functions: f1, £2, and
£3. f1 calls £3. £2 calls £3. £3 calls f1. CodeGen Gen f1 drops f2 because £2 is not reachable from f1.
The transformed term is defined as codegen_s0_f1 which doesn’t contain £2. The equality of £1 and
codegen_sO_f1 is proved,as codegen_sO0_f1_proof.

From codegen Require Import codegen.

Fixpoint f1 n := match n with 0 = 0 | Sm = £3 m end
with f2 n := match n with 0 = 0 | Sm = f3 m end
with f3 n := match n with 0 = 0 | Sm = f1 m end.

Print f1.

(x

f1 =

fix f1 (n : nat) : nat :=
match n with

| 0=0
| Sm = f3 m
end

with f2 (n : nat) : nat :=
match n with

| 0=0
| Sm = f3 m
end

with £3 (n : nat) : nat
match n with
| 0=0
| Sm = fim
end
for
f1
: nat — nat

*)
CodeGen Gen f1.

Print codegen_sO_f1.
(x
codegen_s0_f1 =
fix fixfunci_f1 (vi_n : nat) : nat :=
match vli_n with
| 0=0
| S v2_m = fixfunc2_f3 v2_m
end
with fixfunc2_£f3 (v3_n : nat) : nat :=
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match v3_n with
| 0=0
| S vd_m = fixfuncl_f1 v4_m
end
for
fixfuncl_£f1
. nat — nat

*)
About codegen_sO_f1_proof.

(* codegen_sO_f1_proof : V n : nat, f1 n = codegen_sO_f1l n *)

E[l;vars|Fp:t =1+
[Tl = Avars. p : Voars, t =1t/

ify-forall:
verify-forall: -

ENHt=Y

ify-refl:
VYT BT eqrefi t:t =t/

(IH:t~t)el
FIH args : t args =t' args

verify-applyhyp: BT

E[T] & p: Vcargs, t margs =t/ margs’

verify-matchapp :

E[l]+ matchz as ' return
match 2’ with C cargs = t end margs

=match 2’ with C cargs = t' end margs’

with C cargs = p cargs end
match z with C cargs = t end margs
=match x with C cargs = t/ end margs’

Note: Since Codegen moves arguments for a match-expression into the branches, margs’ is
empty in general.
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verify-fix :

where

Note: This verify-fix rule proves the transformation of fixpoints: F to F),. The transfor-
mation may drops functions in Fys unreachable from f;. The unreachable functions
are {f}\{f’} because our transformation does not change the function names in
the fixpoints. The correspondence of functions in the fixpoints is represented with
o. This rule builds a proof term (fix...for IHy ) for extensional equality of fix-
points (Fs ~ F.,) from extensional equality proofs of iota-fix reduced forms (p;).
The match-expression in ¢g; makes the equality iota-fix reducible by destructing the
decreasing argument. The let-in expression to bind H prevents copy of the proof

Vie{l...h}, fouy = fi (function name equality)
Vie{l...h'}, ko) =K (decreasing argument position equality)
Vie{l...h}, T,;y =T (function type equality)

Vie {1...h"}, FV(t,m) N ({1} =2

Vie {l...h'}, BT TH, : By = FF " byt to {JFY = t{FF}
i=1..h

(fix IH; /K : (Fy(j) = Fj) =g, for IHy) fargs

: Fy fargs = F., fargs

F; .= fix Wj:L“h for f;
Flom tix P =7 " for !
o:{l...h'} = {1...h} injective
s:=o(s") (start function index)
fargs is arguments for the fixpoints (sequence of terms)
gj == Ax1. T

let H :=p;in

match Ty, asy return

Fo(j) @1 Ty -1 Y Tk 41 - - Ty = Fiay... Thi—1 Y Thy1 - - Tn,

with

C cargs = H 1 .. TR (C params; cargs) Ti41 - - T,
end

nj = NAp (number of arguments of FY)

params; is the inductive type parameters of the decreasing argument of f]’

cargs is variables for the members of constructors

term p; for each constructor.
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z' fresh
ElkFp:it~t
El;(z:=t);(2" :=¢);(H:2x~2")]F q:uargs =u'{z/2'} args’
E[lF (letx:=tin
letz’ :=t'in
MH:z~2").q)p

:(let x :=tinwu) args = (let x :=t' in ') args’
g g

verify-letin-generic:

Note: We use verify-letin-generic only when ¢t # t'. We prefer verify-letin-simple over
verify-letin-generic for smaller proof terms.

t=t
E[l;(z:=1t)]|F q:uargs =" args’
E[l)F (letx:=tinq)

:(let x:=tinwu) args = (let z :=t' inu’) args’

verify-letin-simple:

t and t' are not applications

ElkFx#a2

ElFp:x=2a

E[l|+ q: t hargs x targs = t’ hargs x targs’

verify-apparg :
y-apparg rewpinq:t hargs x targs = t' hargs x’ targs’

where rewpinq:=eq_ind z (\y.t hargs x targs = t' hargs y targs’) gz’ p
Note: When z and z’ are function arguments for higher order functions ¢ and t/, p is

an equality of functions. It needs functional extensionality to convert extensional
equality in I" (see the explanation for funext-fun).

t and t' are not functions

. ElFp:it~t
funext-ind :
p:t=t
t and t' are functions
ElFp:Va, tz=tx
funext-fun :

p : functional_extensionality t t/ p : t = ¢/

Note: functional_extensionality is an axiom provided by Coq standard library.

The axiom, functional_extensionality, is required when different functions are bounded with let-in and
they are used as an argument for an application. The verify-letin-generic rule introduces = ~ x’ which is
not usable for eq_ind which require = z’. functional_extensionality (and “verify-forall” rule) is used to
convert the former to the later. They are used multiple times if  and x’ are functions with multiple
arguments.

The reason Codegen uses functional_extensionality is to automate the verification process. In the future,
we may introduce the ability to register a congruence lemma for each higher-order function and use it
instead of the axioms.
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The axiom also solves a problem with an inductive type that contains a function. The equality
(Coq.Init.Logic.eq, t = t') and extensional equality (Vargs,t args = t’ args) are not suitable for such type.
Currently Codegen uses the former equality for inductive types even if they contains function. But it
requires the axiom to prove equality of a constructor application, C'x = C'z’ where x and 2’ are functions
with extensional equality. We can define new equality type for the type but it is tedious.
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